Laser excited and FIR-driven, time-dependent electron-hole correlations in a prototypical GaAs quantum dot with an internal AlGaAs tunneling barrier are studied by numerical propagation of the time-dependent Schrö-dinger equation. The dimensions of the dot are 13ϫ25ϫ25 nm 3 ͑denoted x, y, and z directions, respectively͒. The width of the symmetrically placed barrier in the x direction varies between 1 and 4 nm. The simulations, including a screened Coulomb interaction, time-propagates the electron-hole ͑exciton͒ wave function within the effective mass approximation. The Coulomb correlations are treated within the time-dependent configuration-interaction method. The hole mass is chosen to be heavy along the growth direction ͑x͒ and light in the lateral directions. The presence of the barrier allows the energy splittings of the excited states to be tuned for optimal correlation effects. Three cases illustrate how sequences of NIR and FIR pulses can excite and probe coherent correlation effects. Case I: A single FIR-coupled dark eigenstate can be used to modulate correlation induced beatings in a pair of optically excited eigenstates, but the beating is not significantly transferred into the dark state. Case II: With appropriate FIR pulse widths and center frequencies, a coherent optical excitation in a pair of correlation split states can be transferred unchanged into and out of a pair of optically dark states split by similar correlations. Case III: Correlations open new optical pathways that, for example, allow FIR pulses polarized in the x direction to transfer an excitonic excitation in x to an excitation in the perpendicular y and z directions.
A nanoscale semiconductor quantum dot of typical dimension d of the order of an exciton ͑electron-hole pair͒ diameter ͑20 nm in GaAs͒ has unique optical properties due to the interplay between confinement and correlation. [1] [2] [3] [4] [5] [6] The Coulomb interaction between the electron and the hole forms the exciton-a hydrogenlike system with radius a ex scaled by the dielectric constant of the semiconductor and the effective masses. 7 The interplay between confinement and correlation is less important for both larger (dӷa ex ) and smaller dots (dӶa ex ). For large dots, confinement effects are negligible, whereas for small dots confinement effects dominate and the correlations are weak. The typical energy scale for Coulomb interactions and kinetic excitations in a dot with dϳa ex is 1-100 meV.
If an internal tunneling barrier is introduced in the quantum dot, the typical energy splitting caused by the barrier is of the order of tens of meV. The tunneling dynamics is therefore strongly coupled to the kinetic and correlation dynamics. The resulting strong coupling between kinetic, correlation, and tunneling effects can be probed by short near infrared ͑NIR͒ pulses, with spectral widths of the order of the characteristic excitation energies ͑1-100 meV͒, and by far infrared ͑FIR͒ pulses with frequencies that can resonantly couple the excited states. That is, NIR pulses can be used to set up coherent beatings given by the energy splittings, while the FIR pulses can be used to make population transfers. In previous work, we have shown how NIR pulses can be used to excite and probe time-dependent correlations for an exciton 5 and for a biexciton 6 in a single GaAs model quantum dot. These results were obtained by numerical time propagation of the many-electron Schrödinger equation including both the Coulomb interaction between particles and their interaction with NIR and FIR laser pulses.
In this paper, we introduce an AlGaAs tunneling barrier in the dot and show how the barrier width can be used to tune the correlation effects and how FIR laser pulses can be used to probe the coherent time-dependent correlations in states that are not accessible by direct optical excitation. For example, using sequences of NIR and FIR pulses we show that coherent optical excitations can be transferred between radiative and dark pairs of excited states, and that new FIR pathways are created by the Coulomb correlations. Although we throughout use the term ''internal barrier,'' our model is also representative of two coupled quantum dots. However, our choice of materials is based on the notion of an epitaxially grown internal barrier, with the prototypical materials being an AlGaAs barrier and GaAs wells between AlGaAs outer walls. For coupled quantum dots, the prototypical case would be stacked self-assembled InAs pyramids embedded in GaAs. In addition, since the simulations use a simplified model, the particular dot dimensions or pulse parameters are not essential. Our goal is to describe different correlationinduced effects that can be optically excited and probed and that we judge to be qualitatively similar to those expected of more realistic dots.
Other theoretical work on nanoscale semiconductor structures has focused primarily on the stationary properties. Bryant applied configuration-interaction methods to obtain the correlated bound states of excitons in quantum dots, including the tunneling between coupled dots. 3, 8, 9 This has been followed by several other calculations of exchange and correlation in quantum dots. [10] [11] [12] [13] [14] [15] [16] Optical excitations, including both interband and intersublevel transitions, have also been studied extensively. For example, k•p theory, pseudopotential methods, and tight-binding models have been used to calculate the optical absorption spectra. [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] A study of the intersublevel absorption in coupled dots verified that the absorption is strongly affected by the distance between the dots. 24 The effect of the electron number on the FIR absorption spectrum has also been investigated. 25, 26 Experimental work on nanoscale semiconductor structures usually involves excitation by NIR and FIR pulses. The exciton recombination process occurs on a time scale of a few hundred picoseconds to nanoseconds, which is easily accessible to time-resolved photoluminescence. Photoluminescence experiments have been used to show the presence of excitons in a variety of dots via their sharp spectral features. [27] [28] [29] [30] [31] [32] [33] For example, individual InAs quantum dots embedded in GaAs have been investigated using optical spectroscopy at different temperatures and excitation intensities. 21 The effect of changing the intersublevel spacing in self-assembled InAs/GaAs dots has also been investigated by photoluminescence studies. The level spacing was modified by adjusting the growth temperature, 34 -37 or the layering thickness. 38 Far infrared absorption in self-assembled quantum dots has shown that the electronic coupling between the dot states leads to intersublevel absorption at THz frequencies. 39, 40 Third harmonic generation associated with intersublevel transitions, and in-plane polarized intersublevel absorption have also been observed in self-assembled InAs/ GaAs dots. 41, 42 
II. THEORY

A. Our model
Our model, shown in Fig. 1 , is a prototypical GaAs quantum dot with an internal AlGaAs tunneling barrier of finite height and adjustable width. For simplicity, the potential of the outer walls is infinite. The dimensions of the model are 13ϫ25ϫ25 nm 3 ͑denoted x, y, and z directions, respectively͒. GaAs has a direct band gap of 1.5 eV from a p-type valence band to an s-type conduction band, and a dielectric constant ⑀ϭ13. Within the effective-mass approximation, we treat a single exciton confined in the dot. The hole states are fourfold degenerate at the ⌫ point with different masses for the hole along the growth direction (x axis͒ and lateral directions. 7 According to the Luttinger model, the hole mass depends on the choice of the quantization axis. [43] [44] [45] Since our dot has equal lateral dimensions and a tunneling barrier along the shorter x dimension, the convenient choice of the quantization axis is along x. The heavy hole along x has angular momentum J x ϭϮ3/2 and the light hole has J x ϭ Ϯ1/2. We choose the hole that is heavy along the growth direction and hence light in the lateral directions. That choice gives the lowest energies, and the electron and hole have approximately equal masses in the lateral directions, which gives an optimal interplay between kinetic and correlation effects. The masses used are m hh ϭ0.5m 0 , m lh ϭ0.08m 0 , and m e ϭ0.07m 0 , where m 0 is the free-electron mass.
The exciton Hamiltonian has the form ͑in atomic units͒
where the first two terms represent the kinetic energies of the hole in the growth and the lateral directions, respectively, and the third term is the kinetic energy of the electron. The hole barrier V h (x h ) is given by 
͑3͒
where a is the barrier width, and L x is the length in x. The sixth term in Eq. ͑1͒ is the screened Coulomb interaction. In the last two terms, D inter and D intersub are the interband and intersublevel dipole operators, respectively, and E NIR and E FIR are the NIR and FIR laser fields, respectively. We take the direction of incidence of the NIR pulses and the polarization for the FIR pulses along the x axis. Therefore the intersublevel transitions occur only in that direction. The barrier heights above were chosen by the following considerations. In a realistic system, the barrier height depends on the aluminum concentration x of the Al x Ga 1Ϫx As barrier material which has a direct band gap at room temperature. 46, 47 The GaAs direct band gap 1.5 eV that we use in our model is for 0 K. The temperature-dependent GaAs band gap changes by about 10% between 0 and 300 K ͑1.4 eV at 300 K͒. 47, 48 For Al 0.3 Ga 0.7 As at room temperature the gap was determined experimentally to be 1.8 eV. 49 Assuming approximately the same temperature dependence as for GaAs and taking into account the ͑65-35% rule͒, 45, 50, 51 FIG. 1. Our model: a GaAs dot with an internal AlGaAs tunneling barrier placed symmetrically in the dot. The tunneling barrier has a finite potential for the electron and the hole (V e ϭ0.3 eV and V h ϭ0.1 eV͒. The potential of the outer walls is infinite. The hole mass is heavy along the growth direction ͑x͒ and light in the lateral directions.
we find the potential barrier heights V e ϭ0.26 eV and V h ϭ0.14 eV for 0 K. Based on these estimates we choose V e ϭ0.3 eV and V h ϭ0.1 eV in our model system.
The symmetrically placed barrier along the x axis leads to orbitals of well-defined parity, and the infinite potentials in the lateral directions ensure sinusoidal orbitals. We restrict our attention to the electron and hole energies below the barrier because we are interested in the tunneling states. Using Eqs. ͑2͒ and ͑3͒ as well as the values for m hh and m e mentioned previously, the heavy hole and electron energy levels are found by the standard procedure of matching the wave function and its derivative just inside and outside the barrier. The resulting energy-dependent matching equation for each parity is solved by a bisection search. 52 We want to simulate the interaction of an exciton with both NIR and FIR pulses. There are two possible types of excitations: interband and intersublevel, which are induced by NIR and FIR pulses, respectively. Both kinds of pulses are able to excite and probe correlation induced optical effects. NIR pulses create an exciton in an initially empty dot, and FIR pulses drive the intersublevel transitions. In our model, the FIR pulses couple to the intersublevel dipole matrix elements in the x direction. Further, the NIR pulses are incident in the x direction, and we choose their polarization to be right circular. We could equally well have chosen the opposite circular polarization or linearly polarized NIR pulses with no qualitative differences in the results. This is true because we are dealing with only one exciton. In contrast, for biexcitons, for example, circular and linear polarization can give qualitatively different effects.
53
B. Selection rules and Coulomb coupling
The selection rules follow from the functional form of the single-particle orbitals. These orbitals are given by
where n x are the even and odd orbitals in the x direction, n x , n y , and n z are positive quantum numbers, and L y , L z are the lateral lengths (L y ϭL z ϭ25 nm͒. The single-particle wave functions consist of a fast-varying Bloch function and these slowly varying envelope functions. 44 -46,54 The interband transitions either create or recombine an electron-hole pair in an s-like conduction band and a p-like valence band. The dipole selection rule is fulfilled by the p to s transition in the Bloch part of the wave function. The envelope part contributes a factor equal to the overlap between the electron and hole orbitals. This factor due to the overlap of the electron and hole orbitals yields the interband selection rule (n x ,n y ,n z ) elec ϭ(n x ,n y ,n z ) hole . 44 -46,54 This rule is valid for n x р2 and all n y ,n z . However, due to the different potentials and masses for the electron and hole, there is, for example, some overlap between the n x ϭ1 electron and n x ϭ3 hole orbital. For example, for a barrier width of 2.8 nm the overlap is 18%. In this paper, we will, for simplicity, use the term ''dark'' for all the transitions that do not fulfill the above selection rule ͑forbidden transitions͒.
The exciton basis states are products of single-particle orbitals. Although we only have single-exciton states, and therefore have only products and no proper Slater determinants, we call the exciton basis states ''determinants'' throughout this paper. The determinants that satisfy the interband selection rule have an even overall parity and are optically active ͑radiative͒. Determinants which do not satisfy that selection rule are optically dark ͑nonradiative͒. The intersublevel transitions occur between levels of the same particle and follow the normal dipole selection rules for the envelope functions. That is, even parity↔odd parity in the x direction.
In the growth direction, the orbitals have different functional forms inside and outside the barrier. Within the barrier, the orbitals have a hyperbolic sine and a hyperbolic cosine dependence for the odd and even parity cases, respectively. Outside the barrier, they have sinusoidal behavior. The particle masses and barrier heights chosen yield an upper orbital limit for n x which is two for the electron and four for the heavy hole. In the lateral directions, we typically choose the upper limit to be two for n y and n z . For all the results presented in this paper, we have verified that the inclusion of higher-lying orbitals does not introduce any qualitative differences.
The coupling scheme in our system is demonstrated in Fig. 2 . The figure shows all the possible types of coupling caused by the Coulomb interaction and FIR lasers. We use the notation ͉n x n y n z (elec);n x n y n z (hole)͘ for the determinants. The Coulomb selection rule is that the total parity is conserved. Only radiative determinants with even overall parity can be excited by an optical interband transition from an initially empty dot. For example, the radiative, even parity determinant ͉211;211͘ couples to the other radiative, even parity determinants ͉112;112͘ and ͉121;121͘. Further, the Coulomb interaction scatters the electron and hole into nonradiative, even parity determinants, e.g., ͉111;311͘. Moreover, the Coulomb interaction couples nonradiative determi-FIG. 2. Illustration of the coupling scheme in our model dot. We use the notation ͉n x n y n z (elec);n x n y n z (hole)͘ for the determinants, where n x , n y , and n z are positive quantum numbers. The radiative determinants of even overall parity satisfy the interband selection rule, and can be optically excited from an empty dot. As seen in the figure, the presence of the Coulomb interaction causes different types of coupling. The ͉112;112͘ and ͉121;121͘ radiative determinants couple to the ͉211;211͘ radiative determinant. The Coulomb interaction also couples the nonradiative ͉111;311͘ determinant to the radiative ones, and the odd-parity nonradiative ͉212;112͘ and ͉221;121͘ determinants to the nonradiative ͉211;311͘ determinant. An FIR induces a transfer between determinants of different parity in x, by changing n x between 1 and 2.
nants to each other, e.g., ͉212;112͘ and ͉221;121͘ with ͉211;311͘. Hence the eigenstates of our Hamiltonian yield coupling between purely radiative determinants, between purely nonradiative determinants, or between any combination of these that conserves overall parity. These couplings lead to qualitatively different optical properties for a correlated and an uncorrelated electron-hole pair. Since the word 'correlation' can have many meanings, we should make clear that in this paper correlation refers to the coupling between determinants caused by the Coulomb interaction.
An FIR laser induces transfers between even parity radiative and odd parity nonradiative determinants. These oddparity nonradiative determinants cannot be accessed optically, even with Coulomb correlations, but an FIR pulse can be used to populate them. In our model, these intersublevel transitions occur only in the x direction ͑Sec. II A͒, so the FIR changes n x . This coupling is shown in Fig. 2 where an FIR pulse induces, for example, the transitions ͉211;211͘ →͉111;211͘ and ͉112;112͘→͉212;112͘. A transfer between nonradiative determinants of different parity is also possible, for example, ͉111;311͘→͉211;311͘. Hence an optically created exciton can populate nonradiative determinants in two ways: either ͑i͒ by Coulomb scattering from radiative into nonradiative determinants with conservation of parity; or ͑ii͒ by a transfer from radiative into nonradiative components with odd parity using an FIR pulse.
C. Numerical methods
We calculate the intersublevel dipole matrix elements analytically whereas the Coulomb matrix elements are calculated numerically. At the price of an overall integration, the Coulomb matrix elements can be factorized into x, y, and z components using the formula 1/rϭ2/ͱ͐ 0 ϱ e 
where n (y)ϳ sin(ny/L), and L is the lateral length. The orbitals can be expressed in complex exponential form, and Eq. ͑5͒ can be integrated with respect to y e and y h , reducing it to error functions with dependence only. There are 16 terms in Eq. ͑5͒ that are added numerically for each possible set of quantum numbers (n e Ј ,n h Ј ,n e ,n h ). The same applies to the z component. In the x direction the situation is more complicated. The orbitals have sinusoidal behavior in the wells, but a hyperbolic sine or a hyperbolic cosine behavior in the barrier. Therefore we found it easiest to integrate the x component numerically rather than follow the steps for the lateral components. Finally, the three components are multiplied and integrated numerically with respect to . The correlations are treated within the framework of the time-dependent configuration interaction method. 55, 56 The total wave function ͉⌿(t)͘ is expressed as a linear combination of the Slater determinants ͉i͘: ͉⌿(t)͘ϭ ͚ i c i (t)͉i͘. In our model, each ͉i͘ is derived from Eq. ͑4͒ and is a product of electron and hole orbitals, but we still refer to ͉i͘ as a determinant. We numerically propagate the time-dependent Schrödinger equation with the Hamiltonian in Eq. ͑1͒ using the Taylor expansion method proposed by Mercouris et al., 57 with convergence being obtained with four to six terms in the Taylor expansion with respect to the time step. The timepropagation including the screened Coulomb interaction and a sequence of laser pulses simulates the dynamics of the single exciton. We begin with an empty dot and use an NIR pulse to create the exciton. This is followed by sequences of FIR pulses to produce different population transfers. The optical properties are analyzed in terms of the time-dependent probabilities of the dominant determinants. Previous work used this method to study exciton and biexciton correlation effects in a single GaAs quantum dot.
5, 6 The current work extends those studies to a dot with an internal tunneling barrier.
D. Variation of determinantal coefficients with splitting
The Coulomb coupling between the determinantal components of an eigenstate can be tuned by changing the dot dimensions. This is because the components have different geometrical properties besides having different optical properties. For example, ͉211;211͘ is most sensitive to the barrier width, ͉112;112͘ ͑or ͉121;121͘) is most sensitive to the length in z ͑or y), and ͉111;311͘ is most sensitive to the length in x. Sensitivity here refers to how much the energy of a determinant changes with respect to the energy of the lowest determinant ͉111;111͘ as the different dimensions vary. The geometrical properties of higher excitations are more complicated. Components like ͉212;212͘, for example, are sensitive to both the barrier width and the length in z. By changing the dot dimensions, we can control the coupling strength between the different determinants of an eigenstate. Since molecular beam epitaxy can be used to grow dots by monolayers it is feasible to control the barrier width on a subnanometer level.
As the barrier width increases from 1.4 to 4 nm, the electron splitting decreases from 52 to 22 meV. Since the splitting of the hole levels is smaller due to its larger mass, the exciton splitting is dominated by that of the electron levels. The change in splitting leads to a variation in the correlation coupling between the determinants, which in turn changes the magnitudes of the determinantal coefficients in the eigenstates. The relative signs of the components are also important. When we coherently superpose two radiative eigenstates with an NIR pulse to produce a beating, which is a measurable signature of the correlations as explained in Sec. III, the signs of the different components determine whether constructive or destructive interference is obtained. Figure 3 shows an example of the variation of the determinantal coefficients for an eigenstate with relative signs ͉112;112͘ϩ͉111;311͘Ϫ͉211;211͘. We have simplified the description by not showing the y↔z symmetry explicitly. Whenever a determinant like ͉112;112͘ is mentioned, it is implicitly understood that the state contains an equal ampli-tude of ͉112;112͘ and ͉121;121͘. At an electron splitting of 30.4 meV ͑barrier width 2.8 nm͒ and 38.7 meV ͑barrier width 2.2 nm͒, the ͉112;112͘ and ͉111;311͘ determinants have equal amplitudes. That is, these determinants are maximally correlated at these splittings. Another example of a strong correlation is at 46.2 meV ͑barrier width 1.7 nm͒ where ͉112;112͘ and ͉211;211͘ have equal amplitudes.
In Sec. III B, for example, we exploit the fact that another eigenstate with relative signs ͉112;112͘Ϫ͉111;311͘ ϩ͉211;211͘ has a ͉112;112͘ amplitude equal to the previous-paragraph eigenstate at 30.4 meV. The reason these splittings are particularly interesting is the equal amplitudes of particular radiative components in pairs of eigenstates. Hence these splittings yield strong correlation effects when these eigenstates are coherently superposed by an NIR pulse. At other splittings these amplitudes are typically not equal. However, qualitatively similar correlation-induced optical effects can still be found by compensating differences in coupling with careful adjustments of the center frequencies and pulse widths of the laser pulses.
III. RESULTS
We present three illustrative cases of the correlationinduced optical properties of our model system for an electron-hole pair in a quantum dot with an internal tunneling barrier. Cases I and II show how a correlation-induced coherent beating between determinants in two optically excited exciton states can be transferred to dark states by FIR pulses. Case III shows that even fairly weak correlations lead to new pathways for the FIR transitions.
In case I, we show that a coherent beating can be modulated with an FIR pulse. When we attempt to transfer a beating between two determinants in two radiative eigenstates into a single dark eigenstate with an FIR pulse the beating becomes modulated. However, the coherent optical excitation is not transferred into the dark eigenstate. In case II, a pair of radiative and a pair of nonradiative eigenstates are coupled by FIR pulses. Using two FIR pulses with appropriate frequencies and bandwidths, we show that a beating can be transferred unchanged back and forth between the pairs of eigenstates. This case is an unusual optical effect which shows that optical coherence created by a short NIR pulse can be transferred into a pair of dark states by an FIR pulse. As explained below, the correlations in the system ensure that pairs of radiative and dark states naturally occur. This kind of transfer opens up the possibility of optically probing coherence properties of dark eigenstates. Case III is an example of how correlation provides new optical pathways for the FIRs to perform population transfers that are not allowed without correlations. In the example we choose to discuss, FIR lasers polarized in x are used to transfer an excitonic excitation between the x direction and the lateral y,z directions. Such a directional change cannot be affected by an x-polarized FIR alone without help of the correlations. Finally, in Sec. III D, we suggest an experimental way to probe the transfer described in case III.
A. Case I: Modulated coherent beatings
In our previous work, we show that correlations in quantum dots can be optically manifested by coherent excitation of pairs of eigenstates by subpicosecond laser pulses. Due to the optical selection rules, this approach probes the coherence properties only of radiative even parity states. The strongest correlation-induced effects are then due to the Coulomb coupling between radiative and nonradiative evenparity determinants. 5, 6 In the present work we discuss how FIR's can be used to extend this approach to dark states via transfers between even and odd parity states.
This first case shows that a single dark state can modulate the coherent beating of the radiative pair, through conventional Rabi oscillations, but that very little of the coherent beating is transferred to the dark state. The pulse scheme for producing modulated beatings is shown in Fig. 4 . The barrier width is 1.7 nm, at which the upper radiative ͑UR͒ and lower radiative eigenstate ͑LR͒ have equal ͉211;211͘ coefficients.
An NIR pulse ͑Table I͒ with a bandwidth of the order of the energy separation of LR and UR creates an exciton into a coherent superposition of these eigenstates. As shown in Fig.  5 , the superposition leads to a beating in the probabilities of their radiative determinants. The ͉112;112͘ and ͉211;211͘ components undergo beating since due to correlation both determinants exist in both the radiative eigenstates ͑Table II͒. The beating frequency equals the energy difference between UR and LR. Only the ͉211;211͘ beating is shown in Fig. 5 since we are interested in excitations along x. The times at which the probability is zero are the times at which the ͉211;211͘ components of UR and LR cancel each other. Since they have equal coefficients, they give equal weights when the center frequency is placed midway between UR and LR. Otherwise, the ͉211;211͘ weights of the two eigen- FIG. 3 . Variation of determinantal coefficients with barrier width and electron splitting for an eigenstate with relative signs ͉112;112͘ϩ͉111;311͘Ϫ͉211;211͘. The ͉112;112͘ probability is doubled to incorporate the ͉121;121͘ probability, which is not shown. At 30.4 meV ͑barrier width 2.8 nm͒ and at 38.7 meV ͑bar-rier width 2.2 nm͒, ͉112;112͘ and ͉111;311͘ are equally strongly correlated and have equal amplitudes. At 46.2 meV ͑barrier width 1.7 nm͒, ͉112;112͘ and ͉211;211͘ are equally strongly correlated.
states would be unequal and the beating would not oscillate down to zero. In fact, even if the coefficients are considerably different, one can still achieve zeros in the beating. For example, at 1.4-nm barrier width, LR and UR have the ͉211;211͘ coefficients 0.26 and 0.96, respectively. With a proper pulse center frequency, a beating which oscillates down to zero could still be achieved.
The FIR field puts the system periodically into a dark eigenstate, denoted ''Rabi'' in Fig. 5 , causing the probability maximum of the ͉211;211͘ beating to be modulated. The FIR field changes the electron quantum number n x in driving the ͉211;211͘ beating into the dark eigenstate with a dominant ͉111;211͘ component. Before the application of the FIR field, the ͉211;211͘ probability would oscillate between zero and a constant maximum. But now this maximum is no longer constant, it decreases and reaches a minimum when the Rabi curve is maximum and vice versa. The probability maximum of the beating is modulated. The modulation frequency, which is the Rabi frequency, is proportional to the FIR field strength. [58] [59] [60] The Rabi oscillation period ͑14 ps͒ is slow relative to the ͉211;211͘ beating period ͑1.0 ps͒. Consequently, the beating is only modulated and is not transferred into the Rabi state. The large oscillations in the radiative states produce only small intensity-dependent oscillations on the Rabi curve.
In the situation discussed above and illustrated in Fig. 5 , the FIR field is resonant with LR and hence off resonance with UR. The FIR therefore drives the LR population into the Rabi state with a resonant Rabi frequency ⍀ Rabi LR proportional to the FIR field strength E FIR and the dipole moment D intersub between the ͉211;211͘ and ͉111;211͘ determinants. That is, ⍀ Rabi LR ϭD intersub E FIR /2. At the same time, the population of UR is driven into the Rabi state with an off-resonant Rabi frequency ⍀ Rabi UR ϭͱ⌬ 2 ϩ(D intersub E FIR /2) 2 , where ⌬ is the resonance detuning between the FIR and UR. Such offresonant Rabi oscillations are incomplete in the sense that the population of UR is never fully depleted. The amplitude of this off-resonant transfer is to first order proportional to the FIR field strength, which gives rise to the small beating on the Rabi curve. In a more symmetric situation with the FIR centered between the states UR and LR, the beatings on the Rabi curve can become stronger relative to the total amplitude in the Rabi state. But in that case both populations are driven into the Rabi state by off-resonant Rabi oscillations, which causes both transfers to be incomplete and intensity dependent.
B. Case II: Transfer of coherent beatings between paired states
Because of the correlations and a suitably chosen barrier splitting, we can find pairs of radiative and pairs of nonradi-TABLE I. Parameters of the NIR and FIR pulses in the excitation scheme of Fig. 4 . The duration is the full width at half maximum. The bandwidth of the pulse is 3.1 meV full width at half maximum.
Pulse
Frequency ͑eV͒ Fig. 4 . The barrier width is 1.7 nm, for which the radiative eigenstates have equal ͉211;211͘ coefficients. The y↔z symmetry is not shown explicitly. For example, whenever a determinant like ͉112;112͘ is shown, it is implicitly understood that the state contains an equal amplitude of ͉112;112͘ and ͉121;121͘. Determinants with coefficients below 0.2 have been omitted.
Eigenstate
Energy ͑eV͒ ͉112;112͘ ͉111;211͘ ͉211;211͘ Table II , which shows equal ͉211;211͘ coefficients for the upper radiative ͑UR͒ and lower radiative eigenstate ͑LR͒. On the right, the bandwidth and center frequency of the NIR pulse are shown. The NIR pulse overlaps UR and LR, with center frequency midway between UR and LR, creating an exciton into a coherent superposition of these eigenstates that leads to a beating that oscillates down to zero. A FIR field with center frequency 44.8 meV drives the system into the nonradiative ͑Rabi͒ eigenstate which yields modulated beatings ͑Fig. 5͒.
FIG. 5. Time-dependent probabilities of the radiative ͉211;211͘
and nonradiative ͑Rabi͒ determinant ͉111;211͘ for the excitation scheme in Fig. 4 . The zeros of the beating correspond to times at which the radiative components cancel each other. A FIR field drives the population into the Rabi determinant. The maximum of the beating is modulated and reaches a minimum when the Rabi curve is maximum and vice versa. The modulation frequency, the Rabi frequency, is proportional to the FIR field strength. [58] [59] [60] The beating is only modulated and is not transferred into the Rabi state except for a small, intensity-dependent variation.
ative eigenstates between which a beating can be transferred. Figure 6 shows the pulses used ͑Table III͒ for a set of eigenstates at a 2.8-nm barrier width, and Fig. 7 shows the timevarying probabilities of the dominant determinants. The determinantal compositions are given in Table IV . The ͉112;112͘ components of the radiative pair ͑UR and LR͒ have equal coefficients. To obtain zeros in the radiative beating, the NIR pulse is placed midway between LR and UR. To transfer the radiative beating into a dark beating, a shortduration FIR ͑FIR1͒ is used. The ͉212;112͘ components of the dark pair ͑UD and LD͒ are fairly close but not equal. Moreover, the energy separation of UR and LR is not exactly equal to that of UD and LD.
To make the transfer complete, equal coupling from UD and LD is ensured by shifting the FIR1 center frequency somewhat off resonance so that a balanced coupling is obtained. Due to the wide spectral width, FIR1 depopulates LR into both LD and UD, although predominantly into LD. Similarly, FIR1 depopulates UR mainly into UD but also into LD. Despite this complex situation, it is not hard to find a center frequency at which the perfect beating in the radiative pair is completely transferred into a perfect beating in the dark pair. The radiative beating is restored using a second short-duration FIR ͑FIR2͒, where FIR1 and FIR2 have the same parameters.
This kind of transfer of coherence from an optically created exciton into a dark exciton and back again opens the possibility to optically probe, for example, the decoherence mechanisms of dark states. A disruption of the perfect beating in the dark pair, would also disrupt the perfect beating in the final pair. This scheme therefore transfers the effect of interactions with the dark pair to optically observable effects in the radiative pair. The time dependence of these effects could be probed by scanning the time delay between FIR1 and FIR2.
To achieve the complete transfer into the dark beating, the LR and UR coefficient have to be fairly close to those of the LD and UD, respectively. The slight difference is compensated for by adjusting the pulse center frequencies. The pairs of radiative and dark states with corresponding determinantal coefficients are due to the Coulomb correlations and the fact that we have chosen a barrier width for which the ͉112;112͘ and ͉111;311͘ determinants have similar energies. The ͉212;112͘ and the ͉211;311͘ determinant then also have similar energies. The radiative ͉112;112͘ determinant is coupled to the ͉111;311͘ determinant, which splits the radiative eigenstate into a pair with different relative signs between these two determinants ͑Table IV͒. Raising the n x quantum number from 1 to 2 gives a similar Coulomb coupling between ͉212;112͘ and ͉211;311͘ as there is between ͉112;112͘ and ͉111;311͘ ͑see Table IV͒. Hence the Coulomb coupling creates two pairs of states-one radiative pair and one dark pair-that have very similar coupling coefficients and can therefore be used to enable the transfer of the population between the pairs with a single FIR pulse. Table III . The barrier width is 2.8 nm, and the determinantal compositions of the eigenstates are given in Table IV . The energy separation of UR and LR is not exactly equal to that of UD and LD. Therefore, as discussed in the text, to achieve equal coupling between LR and LD and between UR and UD, the FIR frequencies are shifted somewhat off resonance. The FIR pulse shapes shown to the right depict the pulse widths and their locations with respect to the energy levels. FIR1 and FIR2 have the same parameters. FIG. 7 . Time-dependent probabilities of the radiative ͉112;112͘ determinant and dark ͉212;112͘ determinant for the excitation scheme in Fig. 6 . The ͉221;121͘ and ͉121;121͘ probabilities are not shown but are exactly equal to the ͉212;112͘ and ͉112;112͘ probabilities, respectively. Two short-duration FIR's ͑Table III͒ are used to transfer the radiative beating into and out of the dark states. The radiative beating is transferred into a dark beating with FIR1. The frequency of the radiative beating equals the energy difference between UR and LR, and the frequency of the dark beating equals the energy difference between UD and LD. FIR2 restores the initial radiative beating.
C. Case III: Transfer of excitonic excitations between different directions
The transfer by an FIR laser of an excitonic excitation into a direction perpendicular to the direction of polarization of the FIR is another example of a correlation induced optical effect. This case is illustrative of the opening of new FIR pathways by the correlations. An excitation can be transferred between different directions using a scheme of one NIR and two FIR pulses. The pulse scheme is shown in Fig.  8 for a 2.8-nm barrier width, and the pulse parameters are given in Table V . Unlike the previous cases, the initial NIR pulse excites only one eigenstate. The pulse is sufficiently spectrally sharp not to overlap any nearby radiative eigenstates. The exciton is created in an initial eigenstate that has a dominant ͉211;211͘ component and weakly correlated ͉112;112͘ and ͉111;311͘ components ͑Table VI͒.
As shown in Fig. 9 , an FIR pulse ͑FIR1͒ drives the excitonic excitation completely into the intermediate dark eigenstate, which has large ͉212;112͘ and ͉211;311͘ components. The small ͉112;112͘ component of the initial eigenstate provides the pathway for FIR1 to take the system into the ͉212;112͘ component of the intermediate eigenstate. Without that small component this transfer would not be possible since a direct ͉211;211͘→͉212;112͘ transfer violates the intersublevel selection rule. Similarly, there is a transfer between the ͉111;311͘ component of the initial eigenstate, and the ͉211;311͘ component of the intermediate eigenstate.
The second FIR ͑FIR2͒ drives the system into the final eigenstate with large ͉112;112͘ and ͉111;311͘ components. In effect, the radiative initial excitation ͉211;211͘ in x is transferred to ͉112;112͘ which is a radiative excitation in z ͑and y by symmetry͒. This kind of transfer is only possible with Coulomb correlations. The duration of FIR2 in Fig. 9 was chosen long enough to produce Rabi oscillations between the intermediate and final eigenstate to illustrate the resonant coupling between these two states. In contrast to beatings between dark and radiative determinants, 5,6 the kind of directional transfer discussed here between radiative determinants is harder to probe optically. Therefore we propose in the next section a modification of this case that does lead to an optically probable effect.
D. Probing case III at optimal superposition
With some changes in the scheme presented above, a short NIR pulse can be used to probe the transfer of the excitonic excitation between different directions. With a similar pulse scheme as in Sec. III C but with different intensities and durations, a situation as the one depicted in Fig. 10 can be obtained. The difference is that the initial state is only partially depleted. We choose the FIR1 and FIR2 intensities and durations such that the total amplitudes at moments of destructive interference of ͉211;211͘ and ͉112;112͘ of the initial eigenstate exactly cancel the ͉112;112͘ amplitude of the final eigenstate. Since all these determinants are radiative this leads to a beating between radiative and dark character of the state at constructive and destructive interference, respectively, with a frequency equal to the energy separation of the initial and final states. At destructive interference the to-TABLE IV. Determinantal compositions and energies of the eigenstates in Fig. 6 for a 2.8 Fig. 8 . The duration is the full width at half maximum. FIR1 is activated such that its amplitude is maximum at t ϭ0.
Pulse
Frequency ͑eV͒ Duration ͑ps͒ NIR Pulse scheme for performing a transfer from an initial radiative eigenstate with excitonic excitation in x to a final radiative eigenstate with excitonic excitation in y and z. The pulse parameters are given in Table V . The barrier width is 2.8 nm. The determinantal compositions of the eigenstates are given in Table VI. Table VI shows that the initial eigenstate has a dominant ͉211;211͘ component, and the final eigenstate has a large ͉112;112͘ component. The NIR pulse exciting the initial eigenstate is sharp enough not to overlap any nearby radiative eigenstates. An FIR pulse ͑FIR1͒ drives the system into an intermediate dark eigenstate. FIR2 drives the system into the final eigenstate. The radiative part of the excitation initially in x is transferred to one in y and z with two x-polarized FIR's, which transfer is not possible without correlation. tal wave function is optically dark. An NIR pulse with duration ͑0.1 ps͒ sufficiently shorter than that of the beating period ͑0.25 ps͒ can then be used to probe this beating in the optical response. The probe pulse center frequency is located midway between the initial and final eigenstates.
As shown in Fig. 11 , by scanning the time delay of the probe pulse the beating can be manifested in the empty-dot probability, which can then be measured by some secondary optical probing. At the maximum of the ͉112;112͘ final-state beating in Fig. 10 , electron-hole recombination is maximal as shown by the rise in the empty-dot probability curve. However, the recombination is only partial. The field strength could have been chosen to cause complete recombination but this would be accompanied by high-intensity effects. At a minimum of the beating, the equal amplitudes mentioned earlier cancel each other ͑destructive interference͒. Hence no electron-hole recombination takes place and the system is optically transparent to the probe pulse. Mathematically, the initial coefficients are multiplied by a weighting factor w initial , and the final ones by a weighting factor w f inal . With the coefficients in Table VI , the probe pulse at destructive interference adds the radiative coefficients according to the equation: 0.98w initial Ϫ2(0.49w f inal Ϫ0.10w initial ) such that it yields zero. The factor 2 is due to the y↔z symmetry of ͉112;112͘.
Some of the finer details of the dynamics in Fig. 10 can be explained in the following way. The small beating in the ͉211;211͘ probability of the initial state is because of an additional eigenstate ͑same as UR in case II, Table IV͒, 0.49 ͉112;112͘Ϫ0.70͉111;311͘ϩ0.12͉211;211͘, which lies above the final one with energy 1.693 eV. It is fairly close to the final eigenstate with energy 1.691 eV, and is therefore excited by FIR2. It has a small ͉211;211͘ component which coherently adds to the ͉211;211͘ component of the initial eigenstate. Further, when the probe pulse is gone, the ͉211;211͘ and ͉112;112͘ beatings become modulated. This TABLE VI. Determinantal compositions and energies of the eigenstates in Fig. 8 for a 2.8-nm 9 . Time-dependent probabilities of the radiative ͉211;211͘ and ͉112;112͘ determinants and the dark ͉212;112͘ determinant for the excitation scheme in Fig. 8 . The ͉121;121͘ and ͉221;121͘ probabilities are not shown but are exactly equal to the ͉112;112͘ and ͉212;112͘ probabilities, respectively. The exciton optically excited into ͉211;211͘ of the initial eigenstate is driven by FIR1 into ͉212;112͘ of the intermediate dark eigenstate. FIR2 then drives the exciton into ͉112;112͘ of the final eigenstate. This x→y,z transfer of the excitation is not possible without correlation. The arrows indicate the duration of the FIRs. FIR1 has a maximum amplitude at tϭ0. The duration of FIR2 was chosen to show Rabi oscillations between the intermediate and final eigenstate.
FIG. 10.
Electron-hole recombination due to an NIR probe pulse. The first 15 ps of the simulation are not shown. We use the same pulse scheme as in Fig. 8 . The labeling of the states is the same as in Fig. 9 , but the FIR intensities and durations are different. We choose the FIR intensities and durations such that the total initial radiative amplitudes are equal to the final radiative amplitude at destructive interference, which occurs at the minimum in the oscillations of the final determinant ͉112;112͘. A short-duration ͑0.1 ps͒ NIR pulse can be used to probe the optical response of the system. The probe has its center frequency midway between the initial and final eigenstates. If the probe pulse arrives at destructive interference, no electron-hole recombination takes place. If the probe pulse arrives at other times, electron-hole recombination is induced. The figure shows the situation that gives maximal recombination, as indicated by the sharp rise in the empty-dot probability.
is because the probe pulse overlaps not just the initial and final eigenstates, but also this additional one. It is excited by the probe pulse, and since the recombination is only partial, the beatings become modulated. The modulation frequency equals the energy difference between the final and additional eigenstate.
Finally, let us stress that the main beating probed by the probe pulse and caused by the interference between the ͉211;211͘ and ͉112;112͘ components is a manifestation of correlations between these two determinants. This kind of beating cannot be obtained merely by considering the eigenstates that could be coupled by an x-polarized FIR without correlations. The fact that the dot dimensions are such that the ͉211;211͘ and ͉112;112͘ determinants have similar energies makes the pulse scheme suggested here able to uniquely probe the transfer between the ͉211;211͘ and ͉112;112͘ determinants.
IV. SUMMARY
In nanoscale semiconductor quantum dots the kinetic and Coulomb excitation energies are of the same order of magnitude. Hence there is an interplay between confinement and Coulomb correlation which can be studied using fast laser pulses. Our model is a prototypical GaAs dot with an internal AlGaAs tunneling barrier. The presence of a tunneling barrier provides the freedom of changing the level splitting along the double well without changing the outer dot dimensions. The hole mass is heavy along the growth direction, and light in the lateral directions. We treat a single exciton confined in the dot within the effective mass approximation. The Coulomb interaction couples determinants of different optical and geometrical properties, which yields interesting optical effects. These couplings can be tuned by changing the barrier width and the dot dimensions, and lead to different optical properties between a correlated and an uncorrelated system. Radiative eigenstates, which have even parity, can be depopulated into nonradiative eigenstates of odd parity via FIR pulses. Different pulse schemes can be used to produce a variety of correlation-induced optical behavior.
By numerically propagating the time-dependent Schrö-dinger equation for an electron-hole pair driven by a sequence of NIR and FIR pulses, we present three illustrative cases of coherent coupling between radiative and dark states. The main purpose is to extend our previous work 5, 6 on optically manifested correlation effects among radiative eigenstates to nonradiative eigenstates, and to demonstrate how the tuning of the barrier width can optimize the effects. The first case showed that a coherent optical excitation in a pair of radiative states cannot be transferred into a single nonradiative eigenstate. This is because the time scales of the beating and the Rabi oscillation are too different, and therefore the beating is only modulated. To achieve a complete transfer into a dark beating, two nonradiative eigenstates are needed with determinantal coefficients similar to those of the radiative pair of eigenstates. Coulomb correlations and a suitably chosen barrier splitting readily create such pairs of eigenstates. We were able to achieve a complete transfer of the radiative beating into and out of a pair of dark eigenstates using short-duration FIR pulses with appropriate center frequencies.
The third case, illustrating the opening of unusual FIR pathways, is the transfer of an excitonic excitation into a direction perpendicular to the FIR polarization. An initial radiative eigenstate is transferred into an intermediate dark eigenstate with an FIR pulse, despite the fact that their dominant components violate the intersublevel selection rule. However, correlations make the transfer possible by the addition to the initial eigenstate of a small radiative component that does satisfy the selection rule. Another FIR drives the excitation from the intermediate into a final radiative eigenstate where the exciton is excited in a direction perpendicular to the direction of polarization of the FIR. Finally, we propose a modification of this case that yields an optically probable effect. The FIR intensities are chosen to ensure that the initial radiative components have a total amplitude equal to that of the final radiative component, which periodically makes the system optically transparent to a probe pulse. This interference between the stimulated recombination from the initial and final states yields a strong beating with the probepulse time delay of the probability to find an empty dot.
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